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——| 8. Finite state machines, analysis and synthesis

Course Topics

1. Introduction to DLD, Verilog HDL, MATLAB/Simulink
2. Number systems

3. Analysis and synthesis of combinational circuits

4. Decoders/encoders, multiplexers/demultiplexers

5. Arithmetic systems, comparators, adders, multipliers

6. Sequential circuits, latches, flip-flops

7. Registers, shift registers, counters, LFSRs

Text: J. F. Wakerly, Digital Design Principles and Practices, 5/e, Pearson, 2018
additional references on Canvas Resources




Sequential circuits (Wakerly, Chapters 9, 10 ,11)

Topics discussed are:

Finite state machines (FSM)

Mealy vs. Moore FSMs

State diagrams

State tables

State assignment & encoding

Gate-level implementation with D flip-flops
Design Examples




Contents:

Finite state machines (FSM)

Mealy vs. Moore FSMs, design steps

State diagrams

State tables, compact and conventional forms

State assignment & encoding (plain binary, Gray, one-hot)

Gate-level implementation with D flip-flops

L R

Examples: design of a car alarm system
design of a 2-bit counter with input & output
analyzing FSM block diagrams
cruise control system, Moore & Mealy versions
sequence recognizers
state reduction
electronic keypad lock
vending machine
elevator controller
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sequential circuits and finite state-machines (FSM) are special cases
of dynamic systems

X() ——1  system  —— (1)
Inputs outputs

In general, a system can be defined by specifying the
I/0 computational rule that determines the output
signal y(t) from the input signal x(t).

The time variable t can be continuous or discrete. The
system can be linear or non-linear, time-invariant or
time-varying, and can be described by differential or
difference equations.




State Machines

State-space realizations, also known as state-space models, have a very
large number of applications in many diverse fields, such as,

digital logic design

differential equations for physical systems
system theory

electric circuits

linear systems

digital signal processing

control systems

communication systems

predictive analytics

biomedical signal processing
geophysical signal processing
aerospace engineering

military systems

statistics and time series analysis
econometrics and financial engineering




State Machines

State-space realizations are very powerful representations of systems
(linear or nonlinear, time-invariant or not).

The system is described by a set of internal states at each time instant t,
denoted for example by Q(t), and these states are used to compute the
current output y(t) in terms of the current input x(t), and then update
the states to their next values, Q(t+1), so that they can be used at time
t+1 (or, more generally at, t+At).

In other words, the system’s time evolution is described iteratively by a
computational algorithm of the form,

for each time instant t, do:
y(t) = G(x(t), Q(t)) (compute output)
Q(t+1) = F(x(t), Q(b)) (update state)

[ to get started, one needs to know the initial state, Q(0) ]




State Machines

For example, in going from time t to time t+2, one carries out the steps:

at time t,
y(t) = G(x(t), Q(1))
Q(t+1) = F(x(t), Q(1))

at time t+1, \

y(t+1) = G(x(t+1), Q(t+1))
Q(t+2) = F(x(t+1), Q(t+1))

at time t+2, \

y(t+2) = G(x(t+2), Q(t+2))
Q(t+3) = F(x+2), Q(t+2))

etc.

F() and G( ') depend on application

in DLD, F is referred to as
next-state logic, or excitation logic

and, G is referred to as output logic

from here on, we’ll use the
simplified notation,

Xt» Yir Qt
for

X(1), y(©), Q(1)




State Machines

It should be emphasized that the updated state Qy, Is being computed
at time t, and becomes available at time t, replacing Q;, but it is saved

until 1t 1s used later at time t+1.

The computations can be cast as a repetitive algorithm, in which the
present state is overwritten by the next state.

Initialize state Q (typically at t=0), then,

at each time t, do, at each time t, do,
¥i = G(x,Q) yi= G(%.Q)
Q = F(x,Q) o Qnext = F(:Q)
Q = Qnext




State Machines

We are assuming that time is discretized in units of 1, which means one
clock period, so that t+1 means one clock period ahead of t.

In DLD (essentially all) sequential circuits are synchronously driven by
a clock, and the state changes occur during the rising edge of the clock
period (or, alternatively - but less commonly - during the falling edge.)

clock period depends on application,
e.g., Emona board has 10 usec period

rising edge 7 state changes occur here N

CLK
QT } )( A
t t period = t,,
tper

frequency = 1 /tper

duty cycle =t/ t clock duty cycles

are usually, 50%

per

falling edge ; state changes occurib_\
CLK_L ’ \ /_

duty cycle =1, /t

per



State Machines

Moore type:

Mealy type:

State machines in DLD fall into two general families:

output equation depends only on Q, i.e., y = G(Q)

output equation depends on both x and Q, 1.e., y = G(X, Q)

for each time instant t, do:
Qt+1 = F(X'[1 Qt)

simplified notation

»
»

In general, one can have multiple inputs, multiple
outputs (MIMO systems), and multiple states.

y=G(x Q)
Qnext = F(X, Q)

T

changes occur at
clock rising edges




State Machines — Moore

e.g., edge-triggered D-flip-flops

l

Output yt

Logic  F——% outputs

yi = G(Q;) Moore
Qt+1 - F(Xt J Qt)

Xt
inputs ————) Nei('gsigate excitation State current stateS
g —————>| Memory N
— Qt+1 Qy
clock input
clock
signal
state changes occur here
y N\
CLK \ \
| ‘ t
| t period = t

frequency =1/t

per

per

duty cycle =t/ tpcr




State Machines — Mealy

e.g., edge-triggered D-flip-flops

Output yt
Logic  F——% outputs
G

Yi = G(X; Q) Mealy
Qt+1= F(Xt ’ Qt)

W—

Xt [
Inputs =————=p| Next-State | excitation State current stateS
Logic  E—=> Memory >
F
— Qi+1 Q;
clock input
clock
signal
state changes occur here
y N\
CLK [ \
} t, period =t

t H

frequency =1/t

per

per

duty cycle =1, / 1 g,



A more compact way of drawing an FSM is depicted below, assuming
that D flip-flops are used for the memory/state-holding elements. The
advantage is that the next states, Q"®X!, are the excitation inputs to the
flip-flops, i.e., D = Q! See next page for an alternative drawing.

feedback

. D Q .

Qnext =D ' _ Q present' next-state Qnext
L flip-flops | states 2
clock output
networks
X — > Y
inputs outputs




Alternative drawing

The next states, Q"€ are the excitation inputs to the flip-flops, i.e.,
D = Q"X See next page on how to use other types of flip-flops.

feedback
Qnext =D Q
> D Q >
next
Q| nextstate | © flip-flops present
g . states
Output CIOCk
networks
X - > > Y
Inputs outputs




Using T or JK flip-flops instead of D flip-flops: (a) carry out the design
using D flip-flops, and, (b) replace each D flip-flop by a T or a JK flip-flop
as shown below (effectively converting them to D flip-flops).

%T QJ—LQ T=D®Q

- ,
clock E = Q' —'—: Q' Qrext=T® Q=D
equivalent _“"TTTTTTTTTTTToooooooooooos
D flip-flops ™ gassasassasassssasssss ’.
D — J Q0 J=D
| ?7 > i K=D'
i K Q' i Q’ QneXt:JQ/_l_K!Q:D

O . O T EEE BN RN RS RSN BN RN R BEe S e e e e e e e o)



analysis

FSM design steps with D-flip-flops:

1.

~

Start with verbal description of the system, specifying its inputs,
outputs, and the number of required states, including how the states
transition from one to another during each clock edge time instant.
You may choose one of the states as the starting or reset state.
Convert the verbal description into a state diagram.

Convert the state diagram into a state table, that is, a truth table that
Includes the inputs, the present states, the next states, and the outputs.
Encode the symbolic states in terms of state variables, by making a
particular state-assignment or state-encoding choice (i.e., binary or
Gray coding) and re-write the state table in terms of the encoded state
variables.

Based on the state table, develop expressions for the next-state
equations, Q"X = F(X, Q), in terms of the present states Q and the
Inputs X, and also for output equations, Y = G(X,Q).

Implement step-5 as a combinational circuit with logic gates.

Feed back the next states Q" to the D inputs of the D-flip-flops.
Connect a common clock signal to all the flip-flops, and also set the
flip-flop “clear” inputs so that the system starts from the reset state.

synthesis



analysis

Conversely, the FSM analysis problem starts with a given block-diagram
realization for the FSM, and proceeds backwards through the above steps,
deriving the state table, and clarifying the operation of the FSM.

FSM synthesis/design steps — Summary

Start with verbal description and choose states and the reset state.
Convert the verbal description into a state diagram.

Convert the state diagram into a state table.

Encode the symbolic states with D-flip-flop state variables.

Derive the next-state and output equations in terms of state variables.
Implement the design using D-flip-flops and logic gates.

R

Simulate it with MATLAB/Simulink to verify proper operation.

synthesis



state diagrams are directed graphs that convey the same information as state
tables, but in a graphical form, where the states are listed inside the circles and
the arrows indicate the state transitions taking place at successive clock-edge
time instants.

Conventions for drawing state diagrams:

Along each arrow connecting two successive states S and S"®, indicate the
values of the inputs X that caused this transition from the current state S.
Moreover, for Mealy machines, indicate along the same arrow the values of
the outputs Y that resulted from the values of X and the current state S. But,
for Moore machines, because the outputs Y depend only on the current state
Q, indicate the values of Y inside the circle for the current state S.

clock tlck clock tlck

@ © ® ©

Mealy | < Y =G(S5,X), Y=G(S) —| Moore
Snext = F(S,X)




Example 1 — To clarify the above steps, we discuss the design of a Moore
FSM for a car alarm system [cf. Hwang]. The alarm has an arming signal A,
and it monitors several trigger inputs T, such as opening a door, breaking a
glass, car vibration, opening the trunk, and so on. If the alarm is armed (A=1),
then, If one or more of the trigger inputs Is set, the alarm siren will go on.

From this description we find that the siren signal will be,
siren=A-T
where the overall trigger signal T is obtained from the OR-ing,
T = door + glass + vibration + trunk + ---

A realization is shown below. However, simple as this is, it has a major
limitation: if the siren is on (A=1 and T=1), then it will go off as soon as T=0
even though A=1 (e.g., someone may break into the car and close the door and
the siren will stop). This can be fixed by introducing memory into the system.

A AT
4

arming signal )
siren output

trigger @L
Inputs _ trigger signal

Example 1



state diagram with state assignments Q = 0,1

characteristic table

(AT)’
AT= OO 01,10

reset

Q represents the siren signal

AT 11 AT= 11 10

&_@

AT 00,01

AI

Moore machine

AT O Qnext AT
O 0 0O 0
O 0 1|0 0
O 1 0|0 0
— 0 1 1|0 0
1 0 0O 0
1 0 1|1 0
1 1 0|1 1
1 1 1|1 1

AT /
Q 00 01 11 10

0

)

1

next-state equation

v

Qnext= AQ + AT

1 || 1]

realization using D flip-flops —

Example 1



_______________________________

A
arming signal

tﬁgger@& A D flip-flop
inputs _ trigger signal next-stateTnetwork

D = Q"= AQ + AT | next-state equation

> (_2 .Q’

Diz QX Q  siren
j | D Q output

A
arming signal

AT
_ 4

siren output original realization

trigger i} with no memory
Inputs trigger signal

Example 1



inputs A, T CLK

T scope & export

next_state

FF enable

1

boolean clock pulse

| { =

Clock

fsmO0s.slx on Canvas

Example 1



) Signal Builder (fsm0/inputs A, T) _ ol x|

File Edit Group Signal Axes Help N
BH| I RR| o o |~ o R 0w EE

: Active Group: |G1‘0“P 1 j - - L

1_"A """"" P G £
e e e e
. s B o
. e s S
inputs A, T oL ] s s s S R A
0% e — . ——— e $

; ; e i T e S —
Input Slgnal generator | I S N — AR WO —
5SS S S S S S S S
TN S S S S S S— —
SR NS S S W S ————
0 _________________________________
| | | | | | | |
i 0 1 2 3 4
Time
Left Point Right Point
Name: IA - I - I T ({showmn)
Index: |‘1 '| Y I Y I
ok [A#1) [ YMin YMax |

Example 1



next-state network

l

Example 1



CLK

scope & export

scope & data export
subfunction

CLK

0 0 -

Scope

timeseries structure

CLK

CLK

to workspace

baolean to double

multiplexer

Example 1



) Scope
Se|lawil0N% 08§

scope
output

Example 1



timing diagram

|

edge-clock response times

ER l
s L efpd i
0 1 2 3 4 5) 6 7 8
<clf |
0 1 2 3 4 5) 6 7 8
Blf
0 1 2 3 4 5) 6 7 8
816
N I
0 1 2 3 4 5 6 7 8
Y -
OO 1 2 3 4 5 6 7 8

fsmOm.m on Canvas

t, clock periods

MATLAB
code

siren output
with memory

siren output
without memory

Example 1



% fsmOm.m on Canvas - MATLAB code for generating timing diagram
% data imported from Simulink structure S from file fsmOs.slx

t = S.time; % time

CLK = S.data(:,1); % clock pulses

A = S.data(:,2); % arming signal

T = S.data(:,3); % trigger signal

Q = S.data(:,4); % siren signal with memory
AT = A & T; % siren signal without memory
figure;

subplot(5,1,1); stairs(t,CLK, 'g-', 'linewidth',k?2);

xaxis(0,8,0:8); yaxis(0,1.5,0:1); ylabel('clock');
subplot(5,1,2); stairs(t,A, 'b-', 'linewidth',K2);

xaxis(0,8,0:8); yaxis(0,1.5,0:1); ylabel('A'");
subplot(5,1,3); stairs(t,T, 'm-', 'linewidth',k2);

xaxis (0,8,0:8); yaxis(0,1.5,0:1); ylabel('T');
subplot(5,1,4); stairs(t,Q, 'r-', 'linewidth',k2);

xaxis(0,8,0:8); yaxis(0,1.5,0:1); ylabel('siren');
subplot(5,1,5); stairs(t,AT, 'k-', 'linewidth',2);

xaxis (0,8,0:8); yaxis(0,1.5,0:1); ylabel ('AT');
xlabel ('{\itt}, clock periods')

Example 1



Example 2 — To clarify the above steps, we discuss the design of an FSM
for a 2-bit binary counter that has an enable input, and an output.

This differs from a plain counter that we considered in unit-7 in that it is a
sequential circuit with an additional input and an output.

This is the same example as that of Fig. 9-8 in Wakerly, but instead of
starting with the block diagram, we will start with the verbal description
and work our way through the design steps, eventually ending up with a
block-diagram realization.

Step 1: Verbal description. Design a counter that counts through the
sequence, 0, 1, 2, 3, of decimal numbers. The counter must have an enable
Input E, such that when E=1, the counting proceeds normally and repeating
mod-4, but, it stops when E=0. Moreover, there should be an output Y that
Indicates the completion of the counting sequence every four counts, that
IS, Y=1, when the count reaches 3, and Y=0, otherwise. We may think of
the successive numbers, 0,1,2,3, as the states of the counter, and we will
denote them in the abstract as, Sy, S, Sy, S3.

The reset state will be count = 0, or, state, S.

Example 2



state diagrams are directed graphs that convey the same information as state
tables, but in a graphical form, where the states are listed inside the circles and
the arrows indicate the state transitions taking place at successive clock-edge
time instants.

Conventions for drawing state diagrams:

Along each arrow connecting two successive states S and S"®, indicate the
values of the inputs X that caused this transition from the current state S.
Moreover, for Mealy machines, indicate along the same arrow the values of
the outputs Y that resulted from the values of X and the current state S. But,
for Moore machines, because the outputs Y depend only on the current state
Q, indicate the values of Y inside the circle for the current state S.

clock tlck clock tlck

@ © ® ©

Mealy | < Y =G(S5,X), Y=G(S) —| Moore
Snext = F(S,X)




Step 2: State diagram. This is a Mealy FSM because Y depends on the
input E, e.g., Y=0 when E=0, but Y=1 when E=1 at state S5

E=0 E=0
Y=0 E=1 Y=0
Y=0
E=1 E=1

Y=1 Y=0
Ny S—
=0~ O E=l \Z2/™\ E=0
Y=0 Y=0 Y=0

Example 2



Step 2: State diagram. Yet, another convention is to indicate the values of
the input and output in the format X /'Y, with the input written first and the
output, second, along the transition arrows.

0/0 0/0

1/0
O

1/0

1

/1
N (%
0/0 @ 170 \ o2~ 0/0

this means X=1 and Y=0

Example 2



Step 3: State table. List all possible values of the input E and output Y,
and all the required state transitions from present states to next states.

standard form

compact form

Input | present | next | output
E state state Y
0 Sy Sy 0
0 Sq Sq 0
0 S, S, 0
0 S3 S3 0
1 Sy Sq 0
1 Sq S, 0
1 S, S3 0
1 S3 Sy 1

present next output
State State Y
E=0 E=1 E=0 E=1
So SO Sq 0 0
Sq ST, 0 0
Sy Sy 83 0 0
83 83 SO 0 1

count completed

then, repeat

Example 2



Step 4: State assignment. In general, for an FSM with N states, one needs
n = ceiling(log,N)

state variables, each to be stored in a separate flip-flop. Thus, here, we
need, n = log,(4) = 2, state variables and two flip-flops, and we may
choose the state variables to be binary bits denoted by Q4,Q,. The state
table is now re-written in terms of the state variables.

input | present | next | output state encoding
E state state Y
Q1 Q | % Qo 91
So=00
0 0 0 0 0 0 S; =01
0 0 1 0 1 0 S, =10
0 1 0 1 0 0 S;=11
0 1 1 1 1 0
1 0 0 0 1 0
1 0 1 1 0 0
1 1 0 1 1 0
1 1 1 0 0 1 «—— count complete / repeat

Example 2



01

11

10

1

1

el

Qonext: E’ QO +E QO, ~E® QO

Step 5: Next-state and output equations. Use K-maps.
input | present | next | output - Q1Qg
E Q1Qp | Q1 Qg Y 00
0 | o0 |00 O 0
0 0 1 0 1 0 _
0 1 0 1 0 0 1 1|
0 1 1 1 1 0 o
1 0 0 0 1 0
1 0 1 1 0 0
1 1 0 1 1 0
1 1 1 0 0 1

Q"'=Q; E'+Q, Qg+ Q' QE
= Q1 (E'+Qp) + Q' QE
= Q1 (EQp) + Q1 (QE)
— Q1 D (EQo)

Q1Qp
E 00 01 11 10
0 [ 1 (1
1 1

Example 2



Q1Qp

E 00 01 11 10
0
:

equivalent form

l

anext =Q1®(EQp =QE'+(Q;®Qq) E

Step 5: Next-state and output equations. Use K-maps.
input | present | next | output
E | QQp |Q1Qy | Y
0 0 0 0 0 0
0 0 1 0 1 0
0 1 0 1 0 0
0 1 1 1 1 0
1 0 0 0 1 0
1 0 1 1 0 0
1 1 0 1 1 0
1 1 1 0 0 1
summary

Qonext —EQ® QO
Mealy FSM —| Y=E Q; Qg

Example 2



equivalent form

l

anext: Q@ (EQg) =Q:E'+(Q;©Q) E

proof:

Q,"™'=Q; ® (EQp) = Q1 (E Qp)' + Q1 (QuE)
= Q1 (E'+Qp) + Q1" QpE
=QE'+Q;Qy + Q" QpE
=QE'+Q;Qy (E+E)+Q;"QE
=(Q1 +Q1Q ) E" +(Q1Qp' + Q1" Qp)E
= Q1 (1+Qpy)E" +(Q1®Qp) E
=QE'+(Q1©Qp) E

Example 2



Steps 6-8: FSM block diagram. Use two flip flops for the state variables Qq, Qq

Qonext —EQ® QO
anext: Q1 D (EQo)

. Y=E Ql QO
next—sta|1te logic output logic
| B
Ql next
\ Q D
] 1 D0t
EQq . A
> Q—
£ E \\ Qnext D
i ] : D Q9 Q
Qo /1 B
*—— Q —
clock 4

state memory Example 2



Equivalent realization from Wakerly, Fig. 9-8.

Next-State Logic F

State Memory Output Logic G

7\ /\ 7\
/7 N v N ¥ N
or “Excitation Logic” output
input . MAX
\ excitation —
EN
EN —7—¢ DO Qo Y
4 D Q
EN
E >C —]>CLK  Q|O—
Qo0
Qo' DO
| D1 Q1
v D Q
+—{>CLK Q
- > O-
[: Qi }
L
(/\
clock signal & current state

CLK

((
V)

Dy=E ® Q,
D,=Q,E +(Q;®Qy) E




Another equivalent realization from Wakerly, Fig. 9-11.

DO

D Q

>CLK Q

Qo

TO_

DD

D Q

>CLK Q

Q1

B

B

CLK

using also the Q' outputs of the flip-flops

Y=EQ; Qg

DO:E@QO:E,QO-I-EQO,
D;=Q:E'+(Q®Qg) E=QE"+(Q1Qp'+Q1'Qp) E

Example 2



Example 2 - Moore FSM version of the 2-bit counter. Define an output, Z, that is
Independent of the input E and depends only on the current states.

Moore output

Next-State Logic F State Memory Output Logic G l
A A A
7 N v 4 N\ & AN
or “Excitation LOgiC” Outpu‘[
remove this line M
input =
; excitation — Z Q]_QO
\ o
EN o _
g , 0[] Z = MAXS
E e :
>0 — Dok ajo- In Wakerly
QO

[: Qo' :)O

L
] D1 Q1
Y D Q
CLK Q
& b O-
[: at’ }
[
0

clock signal k

(( current state
CLK V)

Example 2



Next-state and output equations for Moore version
input | present next | output
E | QQ |QQ | Z
0 0 0 0 0 0
0 0 1 0 1 0
0 1 0 1 0 0
0 1 1 1 1 1
1 0 0 0 1 0
1 0 1 1 0 0
1 1 0 1 1 0
1 1 1 0 0 1

summary
Qonext —EQ® QO
Moore FSM —| Z= Q4 Qg

Q1Qq
= 00 01 11 10
)
0 1
1 1
—
Z=0Q, Qo
Z is independent of E

equivalent form

l

anext =Q; ®(EQp) =Q1E'+(Q®Qp) E
(Moore output)

Example 2



State diagram. This is a Moore FSM because Z depends only on the

current states, Z is indicated inside each state circle, arrows are still labeled

by the value of the input causing the transition.

=0

0 E
S, \ E=1 s:/;7
Z=0 \\;;o

A

F= E=1

1
Y
E=0 =1/ E=1 \Z=0 £=0

Example 2



FSM block diagrams — Mealy and Moore versions

Qonext: E® Q,

anext: Q1 @ (EQp)
Y=EQ;Qy (Mealy output)
Z=Q,Qq (Moore output)

R
Ql\\ Qnext D
| . & D Q ¢ Q1
EQO// > (_2_
S .
E Qnext D
11 ’ D Qs of
Qo /! 3
o Q—

clock

Example 2



timing diagram

t—
Qonex =F D QO

anext: Q1 @ (EQp)
Y=EQ;Qy (Mealy output)

Z=Q,Qq (Moore output)
Wakerly — Fig. 9-12

clock

E / \ / AN Y

Q1

Qo

Y [\

Z / \
STATE Sy Sy Sq Sy Sy S) S3 S3 S3 So S

Example 2



Simulink implementation and timing diagram.

input E boolean E

FF enable

next_state

DFF1

outputs

——P»Q1

DFFO

boolean clock pulse

Clock

from Simulink file
fsmleob.slx

scope & export

Example 2



Simulink implementation and timing diagram.

EQO

next-state sub-function

output sub-function (2)

—=p
2 p
%) Qf D1
Qi (EQO)
> 4 4
Q0 Qo DO
(E A Q)
D

Example 2



Simulink implementation and timing diagram.

S b RiE = I 2
. Signal Builder (fsmleob/fig-9-12) *

File Edit Group Signal Axes Help

SH| S BRE|o o | =T FREE] > 1 o= | |

Active Group: |Gr0llp 1

-------------------------------------

[P, NS ——
[P, NS ——

________________________

0.8

_____________________________________________________

0.6

04

0.2

------------------------

-------------------------

I Tinlle (sec)

Left Point Right Point

Name: |E2

Index: |1 = l

T:I
‘r’:l

B
‘r’:l

Click to select, Shift+click to add | E2 (#1) [YMin YMax ]

Example 2




Simulink implementation and timing diagram.

2 5

Scope

scope & export sub-fu

nction

boolean to double

multiplexer

timeseries structure

to workspace

Example 2



o [=[p

scope

output

<— gstates

Example 2



Mealy
state diagram

Moore
state diagram

E=

1
E=0 =1/ E=1 \Z=0/™ g

Example 2



clock

E

Mealy
output Y

Moore
output

timing diagram

o 1 2 3 4 o5 6 7 8 9 10 11

(l)ﬁ rI rcountr Ir stOpFI cognt I I IStOpICrount Irstop r
o 1 2 3 4 5 6 7 8 9 10 11

;)

O - - : " r r r C r
o 1 2 3 4 o5 6 7 8 9 10 11

S —

O - . L r r C r
o 1 2 3 4 5 6 7 8 9 10 11

| M

0 : - - - C L I_Ir [I C r
o 1 2 3 4 5 6 7 8 9 10 11

éfSOrsorslrszrszr52|33r53r33|80 r SO:—States
o 1 2 3 4 5 6 7 8 9 10 11

t, clock periods

Example 2



Example 3 — Another FSM analysis example from Wakerly, Fig. 9-13.

There are two inputs, X,Y, three flip-flops (states), Q,, Q;, Qg, and two outputs
Z,, Z,. There are 8 states corresponding to the 8 triplets, Q,Q;Q,, and these
will be denoted symbolically by the letters, A, B, C, D, E, F, G, H.

Analysis Procedure:

1. The output equations for Z,, Z,, and the flip-flop excitation equations for
the flip-flop inputs, D,, D4, Dy, are read off from the logic diagram.

2. These become the transition equations for the next states,
Q"X Q"X Q "Xt denoted in Wakerly with the notation, Q, , Q; ", Qg -

3. The state-table can the be evaluated for all possible valuations of the
Inputs and the states, and then, converted into a more readable version
using the symbolic state letter-names.

4. Finally, a state diagram is drawn, using a slightly different and more
efficient drawing convention in this example.

Example 3



Wakerly, Fig. 9-13. A State Machine with Three Flip-Flops and Eight States

Q'

X

Qo0

XI

Q2

Q2/
o
Qo0

X

=

Q1

XI

Q2

Q1

Q2

Qo'

Qo

X7

Y

CLK

Qg %Jw

DO Qo0
D
>ClK Qlo—
D1 Q1
D
>CLK QlO—
D2 Q2
D
>CLK  QlO

7>

=B

Example 3



=Q{' X+ QpX'+Q,
=Qy QX+ QX" +Q, Qq
=QQp' +Qp' X'Y

flip-flop excitation equations

|

Qonext — er X + QO X' + Q2
Qq = =Qy Qp X+ QX" +Q,Qq
Q next — Q2 Qor_|_ QO X'Y

next-state transition equations

=Qy + Q1"+ Qqf
=Q, Q1+ QyQp’

output equations — Moore type

Example 3



state table

XY
Qz2Q1Qo oo o1 10 11 Z12Z22

000 000 100 001 0OO1 10
001 001 001 011 011 10
010 010 110 000 000 10
011 Orr o011 010 010 00
100 101 101 101 101 11
101 001 001 001 0Ol 10
110 e 1 e e 1l
11 011t o11 o011 orr 11

Q2+ Q1+ QO*

next states

for all valuations
of input pairs XY

symbolic state table

XY
S 00 o1 10 11 2122
A A E B B 10
B B B D D 10
cC C G A A 10
D D D C C 00
E F F e 2 Il
F B B B B 10
G H H H H I
H D D D D Il

Sk

Example 3



state diagram

X

Xl

21 Z22=10

E 1
Z1 Z2 = 11 -

Q’B:ﬂ)

Z1 Z2 =00

new drawing convention:

use input expressions to
label the transitions

transition Inputs new label
A—>A XY =00 X"Y'
A—E XY =01 X'Y
A->B XY=10,11 XY +XY=X

Example 3



analysis

FSM — analysis / synthesis / design steps — Summary

Start with verbal description and choose states and the reset state.
Convert the verbal description into a state diagram.

Convert the state diagram into a state table.

Encode the symbolic states with D-flip-flop state variables.

Derive the next-state and output equations in terms of state variables.
Implement the design using D-flip-flops and logic gates.

U S

Simulate it with Simulink or HDL to verify proper operation.

synthesis

state diagrams
clock tlck clock tlck

@ © @ ®©

Y =G(S,X), Y=G(S)
Mealy |« — | Moore
S"ext = F(S,X)




Example 4 — Sequence recognizer — Moore version. It is desired to design an
FSM to detect the particular sequence of three or more consecutive ones, 111,
In an incoming input stream X of Os and 1s, measured at the positive edges of
the clock signal. At each time instant, upon detecting three ones in the three
Immediately preceding time instants, the FSM should produce an output,

Y =1, otherwise, it should output, Y = 0. All changes should occur at the
positive edges of the clock signal.

To put this in some context, one can think of a car cruise control system in
which the speed is sampled at regular clock-edge time instants, and an
Indicator binary signal X indicates whether the speed is within acceptable
limits (X=0), or, that the speed has become too excessive (X=1) , and in that
case, a control signal, Y = 1, must be asserted to cause the car to slow down to
the acceptable range. The control signal should remain at Y = 0 while the
speed is within the acceptable range.

Thus, the design requirement is that when the speed is measured to be
excessive (X=1) in three consecutive time instants, a control action must be
taken to slow the car down, otherwise, no action is required.

[ cf. Brown & Vranesic |

Example 4



example input signal and output

clockedge: ty t; t, t3 t; tz ts t; tg tg tyg tyy Yo tya tg te

nputX: 0 1 0 011 0QQ@ DDo o

outputy: 0 0 0 0 0 0 1 0 0 O O O O 1 1 O

| [ ]

three consecutive 1s at ty, t,, ts three consecutive 1s at tyg, ty7, t1

will cause an output Y=1 will cause an output Y=1
at the next clock edge tg at the next clock edge t; 4

continuing with another

set of three 1s at ty, t1,, t13

will cause another output Y=1
at the next clock edge ty,4

Example 4



example input signal, state transition, and output

clockedge: tg t; t, t3 t, tg tg t; tg tg tg tyy to t3 tyy 155
mputX: 0 1 0 1 1 1 0 1 1 0 1 1 1 1 0 O
state: Sy Sy S; Sg S; S, S3 Sp S; S, Sy S; S, S3 S35
outputy: 0 0 0 0 0 0 1 O O O O O O 1 1 O

state diagram

based on the current X, state transitions take place at the next active clock
Example 4



state diagram

state table

Moore FSM

present next output
state state Y
X=0 X=1
S S 0
S, Sy S, 0
S, S 0
S, Sy Ss 1

Example 4



compact form

Moore FSM — state table

conventional form

present next output present | next

State State Y X State State Y
Sg Sg S, 0 0 Sq Sy 0
S, Sg S, 0 0 Sy Sy 0
S, Sg S, 0 0 S3 Sy 1

1 Sq Sy 0

1 Sy S3 0

1 S3 S3 1

Example 4



State assignment. With N=4 states, we need, n = ceiling(log,N) =2,
state variables, say, A,B, and two D flip-flops, with inputs, say, D, Dg.

The overall system will be as shown below.

output

A anext Da D Ql A
> Q
B Bnext DB D Q ° B
Input . PR Q|-

next states clock

D flip-flops

Example 4



State encoding. With two state variables, say, A,B, we have two options for

state encoding, I.e., associating A,B with the four states, Sy, S¢, Sy, S,

(1) plain binary, or,
(2) Gray coding

First, consider plain binary, and re-write the state table in conventional form.

Moore FSM — state table

present next
X |state A B |state A B Y
0 S| 0 O S 0 O 0
0 S;1 0 1 S| 0 0O 0
0 S, 1 0 S| 0 0O 0
0 S31 1 1 S| 0 0O 1
1 S| 0 O S;1 01 0
1 S;1 0 1 S,1 1 0 0
1 S, 1 1 0 S31 1 1 0
1 S31 1 1 S31 1 1 1

binary encoding

A B

O O
Ok O

Example 4



Moore FSM — binary encoding

present next
X | AB | AB| Y
0ol 00 |00/ O
0ol 01 00]|o0
0ol 10 |00]oO0
0l 11 l00]1
1100|0110
1 1011010
1 1101110
1 |11 111
AB
X 00 01 11 10
0 1
1 1

Y =AB (Moore output)

AB
00 01 11 10
0
1 1 [1]) 1
Dp=A"™¥=XA+XB
AB
00 01 11 10
0

1] 1] (1 [[1)]

Dg=B"™=XA+XB'

Example 4



Moore FSM realization
binary encoding

Da =A™= X(A + B)
DB — Bnext: X(A+ Br)
Y =AB (Moore output)

XA

>
\LLH

¢

XB’
next-states

A Dy | output
A
= | A

Bnext DB

@

B

[ — (_g B’
clock

Example 4



Simulink implementation and timing diagram D, = A"®t= X(A + B)

Dg = B"™X!= X(A + B’
Y =AB (Moore output)

Anext Bnext

feedback
path

DFF a

seq =111
Moore - binary encoding
scope
data export
DFF b
next_states & output
-x—.
input signal X boolean X 1 boolean clock pulse
reset
CLK

fsm11lbmo.slx Clock

Example 4



next-states & output sub-function

Da =A™= X(A +B)
Dg = B"™X= X(A + B’

Y=AB (Moore output)

A X(A+B)
(A }A -
B ' 4)("‘ Da
& .
¥ X(A+B
B (A+B)
(X ) -
X v Db
AB
A
<
5 Y

a

Example 4



scope & data export sub-function

Scope

timeseries structure

boolean to double to workspace

multiplexer

Example 4



signal builder — input X

) signal Builder (fsm3a/input signal X)
File Edit Group Signal Axes Help

_ o]l x|
B H| BB o o[~ T FIREE] > o om R
Active Group: | [Gzoup 1 -l e | =] =]
1+ X P Ir """"" P #’ 3 Ir """"" i #’ - Ir 3 \%r G [pooT T
P AN I D dones | | .| il .. 4ones || ...
L o e ] R H e Ik e s R bbb bbbl IEeEEREEEEREERERREREEE
) 77 1 O S g A
L e R el R e S e e ----------------------------------------------
G\f _________ " A : _____________________ L A i'_____________________i_ _____________________ vy C" 'G
| | | | i i | i
0 2 4 6 8 10 12 14 16
»
Left Point Right Point
Mame: I}( T: I T I
Index: |‘1 'I Y: I Y: I

Click to select, Shift+click to add

X (1) [ YMin YMax ]

Example 4



=0l scope
output

Example 4



clock

A

timing diagram

LML LU
0

0O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16
1ﬁ

O'FFF F| r| || | |
0O 1 2 3 4 5 6 7 910111213141516

STI_I_I]_I]_I_IFI_I_W

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

0
1
ﬁOll'Oll 1 l|0|l 1|O|1 1.1 1|O

1 2 3 4 5 6 7 8 910111213141516

O

f L L Ill C I o o C 1F1 n

O 4 5 6 7 8 9 10 11 12 13 14 15 16
t, clock periods

Example 4



timing diagram

o®

MATLAB code for generating the timing diagram
with data imported from the Simulink structure S

o®

t S.time; % time

P = S.data(:,1); % clock pulse
A = S.data(:,2);

B = S.data(:,3);

X = S.data(:,4);

Y S.data(:,5);

figure;

subplot(5,1,1); stairs(t,P, 'g-',6 'linewidth’',2);
subplot(5,1,2); stairs(t,A, 'm-',6 'linewidth',2);
subplot(5,1,3); stairs(t,B, 'm-',6 'linewidth',2);
subplot(5,1,4); stairs(t,X, 'b-',6 'linewidth',K2);
subplot(5,1,5); stairs(t,Y¥, 'r-',6 'linewidth',2);
xlabel ('{\itt}, clock periods')

Example 4



State encoding. Next, consider Gray encoding, and re-write the state table in
conventional form.

Moore FSM — state table

present next Gray encoding
X |state A B |state A B Y A B
0 Sg 0 0 | S5 0 O 0 S, - 00
0 S;1 01 | S50 00 0 S, =01
0 S,1 11 | Sy 00 0 S, =11
0 S311 0 | S50 00 1 Sy =10
1 Sol 00 | S41 01 0
1 S/ 01 | S, 11 0
1 S, 11 |S3110 0
1 S301 0 | S3] 10 1

Example 4



Moore FSM — Gray encoding

present next

X | AB | AB| Y

0ol 00 |00/ O

0ol 01 00]|o0

0l 11 /0010
010 |00]1
1100|0110

1 o1 110

1 |11 100

1 110|101

AB

X 00 01 11 10
0 1
1 1

Y=AB' (Moore output)

AB
00 01 11 10
0
1 1 [1]) 1
Dp=A"™¥=XA+XB
AB
00 01 11 10
0
i1 | 1]

DB — BHEXt: X A’

Example 4



Moore FSM realization
Gray encoding

Dp =A™= X (A+B)
DB — Bnext: X A’

Y=AB’' (Moore output)

A
: XA Anext D A
) A D Q .
- — XB X (—? A .
X ﬁ Bnext D B
8lp 0 l
A A
B
next-states — Q
clock ——

output

-~

Example 4



Simulink implementation and timing diagram D, = A"®= X (A + B)

DB — Bnext: X A’
Y=AB' (Moore output)

Anext Bnext

feedback
path

DFF a

X
seq =111
Moore - Gray encoding 1 P

scope
data export
DFF b
next_states & output
input signal X boolean X 1 boolean clock pulse
reset
CLK

fsm111lgmao.six Clock

Example 4



next-states & output sub-function

CA)
A
A+D X(A+B)
' > ((Da)
A —— > Da
(B ) XA
B Al
» )
S =
X
AB'
>
4>>' q -
B
O
X

D, =A™= X (A + B)
DB — Bnext: X A’
Y=AB' (Moore output)

Example 4



=1olxll | scope
output

Example 4



clock

A

Moore FSM — timing diagram

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

1
o110 1 1 12J01 2301 1 1 170 O

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

0

f |1| 1 1

O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16
t, clock periods

Example 4



Moore FSM — timing diagram

binary encoding

Gray encoding

_________ L

© 1/
—]
—]
—]
]
1

)
—
—
—
[\
—
w
—
W
—_

0123 456 7 8

01 2 3 4 5 6 7 8 910111213141

5 16

01 2 3 45 6 7 8 910111213141

5 16

01 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

0 | R S SN c— | R v v — r
01 2 3 45 6 7 8 910111213141

t, clock periods

5 16

clock

A

| Innnnm

1

0123 456789

—

011 12 13 14 15 16

01 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

012 3 4 5 6 7 8 9 1011 12 13 14 15 16

012 3 4 5 6 7 8 9 1011 12 13 14 15 16

O | N o N — | R o S — r
01 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

t, clock periods

Dp =A™= X(A +B)
DB — Bnext: X(A 4+ Br)
Y=AB (Moore output)

Dp =A™= X (A+B)
DB — Bnext: X A’
Y=AB’' (Moore output)

Example 4



Example 5 — Sequence (111) recognizer — Mealy version. It is desired to
design a Mealy FSM for the previous example. In the previous Moore
version, the output was, Y=1, in the clock cycle that follows the
observation of a third consecutive X=1.

In the present Mealy version, we require that Y=1 in the same clock cycle
when the third occurrence of X=1 is observed.

This requirement makes Y dependent on both the input and the present
state, hence, a Mealy machine.

(When a third X=1 is observed, the output Y is not instantaneously set
equal to Y=1, but it requires a small delay, which we will ignore in the
present discussion.)

Example 5



example input signal and output

clockedge: tg t; t, t3 t; tg tg

@

input X: 0

0O 0 0 0 0 O

g 9 g Y1 Uo U3 Uiy U5

qoo

outputY: 0 0 O 0 O

T I

three consecutive 1s at ty, t;, t5
will cause an output Y=1
at the present clock edge ts

three consecutive 1s at tyq, t14, t1o
will cause an output Y=1
at the present clock edge t;,

continuing with another

set of three 1s at ty, t1,, t13

will cause another output Y=1
at the last clock edge t;3

Example 5



example input signal, state transition, and output

clockedge: tyg t; t, t3 ty tg tg t; tg tg tig ty; to ty3 14 tys
mputX: 0 1 0 1 1 1 0 1 1 0 1 1 1 1 0 O
state: Sy Sy S; Sg S; S, S, Sp S; S, S5 S S, S, S, §
outputy: 0 0 0 0 0 1 O O O O O O 1 1 0 O

state diagram

X=0/Y=0 X=1/Y=1

X=0/Y=0

state transitions take place at the next active clock, but X,Y are at the present cycle

Example 5



state diagram

X=1/Y=1

state table | | present next output
state state Y
Mealy FSM
X=0 X=1 X=0 X=1
Sp So S 0 0
Sq S S 0 0
S, S S 0 1

Example 5




Mealy FSM — state table

compact form

conventional form

present next output present | next
state state Y X state state Y
X=0 X=1 X=0 X=1 0 Sy Sy 0
0 Sq Sy 0
Sy Sg S 0 0 0 S, So 0
Sq Sg S, 0 0 1 So Sq 0
Sy Sy Sy 0 1 1 Sy S, 0
1 Sy Sy 1

Example 5



State assignment. With N=3 states, we need,
n = ceiling(log,N) = ceiling(log,3) = ceiling(1.5850) = 2,
state variables, say, A,B, and two D flip-flops, with inputs, say, D, Dg.

The overall system will be as shown below.

LA ANext Da D Q L_A
5 Q—
B Bnext Dg D Q _.i
X X Y Yo+ 9
Input output
next states & output clock

Example 5



State encoding. With two state variables, say, A,B, we have two options for

state encoding, associating A,B with the three states, Sy, Sq, Sy,

(1) plain binary, or,
(2) Gray coding

We will use Gray coding with don’t care entries for the unused pair,

and re-write the state table in conventional form.

Mealy FSM - state table

present next
X |state A B |state A B Y
0 Sp| 0 O Sg| 0 O 0
0 S11 01 Sg| 0 O 0
0 S, 11 Sg| 0 O 0
0 X 1 0 X X X X
1 Sp| 0 O S11 01 0
1 S;1 01 S, 11 0
1 S, 11 S, 11 1
1 X 10 X X X X

Gray encoding
A B
Sp=00
Sl = 0 1
SZ = l 1

«<— don’t cares

Example 5



Mealy FSM — state table

present | next
X A B A B Y
0 00 0 0 0
0 01 0 0 0
0 11 0 0 0
0 10 X X X
1 0 0 0 1 0
1 01 1 1 0
1 11 1 1 1
1 1 0 X X X
AB
00 01 11 10
0 X
1 1]
Y = XA (Mealy output)

AB
00 01 11 10
0 X
1 (1 | 1] x
Dpo=A"™=XB
AB
00 01 11 10
0 X
11 | 12 | 1 | x|
DB = Bnext = X

Example 5



Mealy FSM — full state table

next
X A B Y

o

o

o
o

0
1 0O 1 0

o

o
o
o
o

O
»
O
»
O

x0

o
o
o
o

1,0 are unused states since

they do not appear as next states,
thus, they can be removed,

or treated as don’t cares

AB

Gray encoding

A B

Sp=00

Sl — O 1

82 — 1 1
00 01 11 10
X
X

v

D, =A™= XB
DB = Bnext: X
Y =XA (Mealy output)

Example 5



Mealy FSM — full state table

next

A B X A B Y

OO0 0 O O 0

OO0 1 0O 1 0

01 0 O O 0 -
01 1 1 1 0

10 0 x0 xO0 x0

10 1 x0 x1 x1

11 0 O O 0

11 1 1 1 1

[a

o° o°

o°

o°

o°

oe oP°

o°

o°

,b,x] = a2d(0:7, 3);

/blx/da/deY]

o}
o)
v

= = = = o O oo
= O = O = O R O X
= O = O = O I—‘O&

= o O Lol o O
= O o O = O o O

= O = O o O O oK

1,0 are unused states since

they do not appear as next states,
thus, they can be removed,

or treated as don’t care entries

Da =A™= XB
DB = Bnext= X
Y =XA (Mealy output)

Example 5



D =A™= XB

Mealy FSM realization
Gray encoding

DB — Bnext: X

Y =XA (Mealy output)

B next
\ A Da D O Al
> Q—
A
nex
B B D O B .
next-states —
and output clock T Q-

Example 5



Simulink implementation and timing diagram D= ANXt=xB

DB = Bnext: X

Y =XA (Mealy output)

feedback
path

DFF a B

seq =111
Mealy - Gray encoding

scope
data export

DFF b

next_states & output

input signal X boolean X 1 boolean clock pulse

reset
CLK

Clock
fsm11lgme.six o Example 5




next-states & output sub-function

A
XB
€D = —
XX=X
X
J— —
XA
A
> \
GO / . > ) ;
/ D :Anext: XB
why is this necessary? A
— {—
DB — Bnex =X

Y =XA (Mealy output)

Example 5



=Bl seope
output

Example 5



clock

A

Mealy FSM — timing diagram

UL UL
O- >
(S Sy S;Sg S; Sy Sy Sg S; Sy Sy S1 Sy S, S, Sy’

1. r.r 1

O 1 2 3 4 5 6 7 910111213141516

r r r r r [

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

O|1|O|1 1 1|O|1 1|O 1 1 1 1J0 O

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

(@ upl gl

1 2 3 5678910111213141516
t, clock periods

1
0

—— O

o =

o

Example 5



Mealy vs. Moore

Mealy - Gray encoding Moore - Gray encoding
5 <1
£ L 1annannnnn £ Anmn 100 Annnnnnnl
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 01 2 3 4 5 6 7 8 9 1011 12 13 14 15 16
<t < 1T —
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 O012345678910111213141516
_ o1l
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 0012345678910111213141516
b 1T [
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 O0712345678910111213141516
)
1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16 0012345678910111213141516
t, clock periods t, clock periods
D, = A"®Xt= XB D, = A"®t= X (A + B)
DB:BHEXt:X DB:BHEXt:XAr
Y =XA (Mealy output) Y=AB' (Moore output)

Example 5



Example 6 — Another sequence recognizer — Mealy version. It is desired to
design a Mealy FSM circuit to detect the particular sequence of consecutive
bits, 1101, in an incoming input stream X of zeros and ones, measured at the
positive edges of the clock signal.

At each time instant, upon detecting the pattern 110 in the previous three
Inputs, and the current input is X=1, then, the FSM should produce an output,
Y =1, otherwise, it should produce, Y = 0.

We may assume also that there is a Reset input that initially resets all states to
Zero.

[ cf. Mano, Kime, Martin ]

The number of required states can be determined by imagining the following
successive sequence of occurrences of input bits:

reset - 1 —» 11 — 110

Thus, we may use 4 states, denoted symbolically as, Sy, Sy, S,. Sj.

Example 6



state diagram

state table

Mealy FSM

present next state output Y
X=0 X=1 | X=0 X=1

S Sy Sy 0 0

S, Sy S, 0 0

S, S; S, 0 0

S, Sy Sy 0 1

Example 6



State assignment. With N=4 states, we need, n = ceiling(log,N) =2,
state variables, say, A,B, and two D flip-flops, with inputs, say, D, Dg.

The overall system will be as shown below.

LA Anext Da D Q L_A
5 Q—
B Bnext Dg D Q _.i
X X Y LA S
input output
next states & output clock

Example 6



State encoding. With two state variables, say, A,B, we have two options for

state encoding, associating A,B with the 4 states, Sy, Sq, S,, S,

We will start with Gray encoding and rewrite the state table in terms of the

(1) plain binary, or,
(2) Gray encoding

state variables A, B.

Mealy FSM - state table

present
states

AB
Sy 00
s, 01
S, 11
S; 10

next states

Anext Bnext Output Y
X=0  X=1 | X=0 X=1
Sp 00 S; 01 0 0
S, 00 S, 11| 0 0
S; 10 S, 11| 0 0
S, 00 S, 01| 0 1

Gray encoding

A B

OO
O BkFk O

Example 6



Mealy FSM — state table

present next states
states /AN IR output Y
AB X=0 X=1 X=0 X=1
S, 00| Sy 00 S, 01| 0 0O
S, 01| S, 00 S, 11| 0 0
S, 11| S3 10 S, 11| 0 0
S; 10| S, 00 S; 01| 0 1
AB
AN_00 01 11 10
0
1 1
Y=XAB’

AB

00 01 11 10
0 1
L L 1]
DA=A"™=XB+AB
AB
00 01 11 10
0
11 |1 |1 | 1]
DB:Bnext:X

Example 6



Dp=A"™= (X +A)B
Block diagram realization | | Dg=B"™'=X
Y=XAB'

X \\\ A{EXt [)A\ (? A
D

D
( B 3
Y Sy
\ Y
t L
next
X Ps B DB D Q B ®
next-states & output

°
Ol
|

clock

Example 6



Simulink implementation

feedback
path

A
DFF a B
Y
X
seq=1101
Mealy - Gray encoding . P
scope
data export
DFF b
nexi_states & ouiput
X
input signal X boolean X 1 boolean clock pulse
reset
CLK
Clock
fsm1101gme.six

Example 6



Dp=A"™= (X +A)B

next-state & output sub-function Dg = B"®*t= X
Y=XAPB’
X+A

(X+A)B
G :D o

XX=X

/-
»}T XADB'
/ )

// : v

why is this necessary? Example 6



signal builder — input X

) Signal Builder (fsm2rlaa/input signal X)
File Edit Group Signal Axes Help

BE| SRR o[~ aE|EREE] > 0 o= D E|

Active Group: IGm“P 1

Click to select, Shift+click to add

d o =] =
1 _"X' . :r """" . \%r - :r p-- Tyt . \%r {\( - . :r """""""""""
1:1 (01 1 1|01
OB - e e B e I Akl iehihihiiet Rk Ity
L ! It AR S RS """""""""""""""""""""""""""""""""""""" ]
e — T —_——
oaf - fo e H—.
G\f " S 4 T TTTTTTT ; ---------- "4 ~ S "4 ‘\i‘f "4 ------_--% --------------------- 4 " S 4 {\( ‘\:‘V
i i i i i i i i
1] 2 4 5] 8 10 12 14 16
.
Left Point Right: Boint
Name: I}( T: I T: I
Index: |‘1 'l Y: I ¥z I

[X 1) [TGnd YGrid YMin YMax |
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clock

A

sequence recognizer — 1101 — Mealy version — Gray encoding

gnnnnnnnnnnnnnhnt

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

I r | L I r r | L [

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

o a1 O e B s O

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

I I L I I I L I I I N

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16
t, clock periods
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State encoding. With plain binary encoding, we obtain a more complex

realization, requiring more gates.

Mealy FSM — state table — binary encoding

present next states

states /AT [ output Y
AB X=0 X=1 X=0 X=1
S, 00| S, 00 S, 01| 0 O
S, 01| S, 00 S, 10| 0 0
S, 10| S; 11 S, 10| 0 0
S, 11| S, 00 S; 01| 0 1

DA=A™XI=AB'+ XA'B
Dg=B"™!=X'AB'+ XAB + XA'B'
Y=XAB

binary encoding

Dp=A"™=(X+A)B
DB = Bnext: X
Y =XAB'

Gray encoding

Example 6



sequence recognizer — 1101 — Mealy version — binary encoding

clock

A

1W
0°
0O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

1ﬁ
0~ I r | L L I r r |

1 2 3 4 5 6 7 8 10 11 12 13 14 15 16

M

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

gotpSisonBpl

1 2 3 4 5 6 7 910111213141516

I—IHFHI—I

1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16
t, clock periods

1
0

]

o =

1
0

S 57 O
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Example 7 — Sequence recognizer — 1101 — Moore version. Here, we
summarize without derivations the Moore version of the previous example.

The number of required states is five, corresponding to the sequence of

occurrences of input bits:

We may denote the states symbolically as, Sy, Sq, S, S3, S4. Thus, we will

reset > 1 - 11 — 110— 1101

need three flip-flops, A, B, C, and may use (partial) Gray encoding.

\

state table

Moore FSM

present next output
State state Y
X=0 X=1
Sy Sy Sq 0
Sq Sy S, 0
Soy Sj S, 0
Sy Sy Sy 0
Sy Sy Sy 1

state encoding
ABC

O O OO
O L OO
OoOoPr kO

Example 7



reset

X:1

.® @& ® ©

110
X=1

state diagram

1101

Example 7



present next ABC

ABC X=0 X=1

000 | S; 000 S; 001
001 | S; 000 S, 011
011 | S; 010 S, 011
010 | S; 000 S, 100
100 | S, 000 S, 011

101 X X X X X X
111 X X X X X X
110 X X X X X X

l

Dpo=A"™=B C'X
Dg=B"™=CX+AX+BC
Do=C"™=CX+B'X
Y=A

Y
AB
CX 00 01 11 10
0 00 X
0
0 01 X
0
1
11 X X
X
X
« 10 X X

~

next states & output equations

Example 7



\\ A Anext

B B next

X—

Input

C Cnext

D
A D O
> Q
D
B p Q
S Q
D
v t— 9
output
clock

next states & outputs

Example 7



Simulink implementation

feedback
path
Da A
next_states & output
DFF a
ob B
L.
seq=1101
Moore - Gray encoding
DFF b

reset

scope
data export

DFF ¢

boolean clock pulse

input signal X boolean X
CLK P

Clock

fsm1101gmo.six Example 7



Dpo=A™=B C' X
Dg=B"™X=CX+AX+BC
Dc=C"™=CX+B'X

next-states & output sub-function Y=A

AX
A — ) _
BC'X

(B ) * | P
B | e
> CX+AX+BC

Db

CX+BX

—p-
—»’-— X %

L w
D X T:} AA=A

Example 7




=lolxl | scope
output

Example 7



clock

A

0:

sequence recognizer — 1101 — Moore version

1 2 3 4 5 6 7 8

[]

1nnnnnnnAnNAANnMnI

9 10 11 12 13 14 15 16

.

o o o i

1 2 3 4 5 6 7 8

o I r I I

Bl

o o

9 10 11 12 13 14 15 16

o o I r r I o n

1 2 3 4 5 6 7 8

N I I I

9 10 11 12 13 14 15 16

n I r r I n n T

1 2 3 4 5 6 7 8

[ t]efr] .

9 10 11 12 13 14 15 16

1 2 3 4 5 6 7 8

[1]

9 10 11 12 13 14 15 16

. I

I I I C

0

1 2 3 4 5 6 7 8
l

9 10 11 12 13 14 15 16

, clock periods
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Mealy vs. Moore

o N

clock

A

r r r

1 2 3 4 5 6 7 8 9101112131

r r

1 2 3 4 5 6 7 8 9101112131

r r

1 2 3 4 5 6 7 8 9101112131

1 2 3 4 5 6 7 8 9101112131
t, clock periods

g1
_”_” 30012345678910111213141516
415 16 i
<‘:0 L L L L L rIIr L L L rIIr
. 012 3 45 6 7 8 910111213 14 15 16
415 16 o 1F — —
0 N S — - r R J— r I
012 3 456 7 8 910111213 14 15 16
r 1ﬁ
415 16 Oorlllrlrrrlrrlrrr
012 3 456 7 8 910111213 14 15 16
]_ﬁ
TR RPN S R N S N B
012 3 45 6 7 8 910111213 14 15 16
]_ﬁ
[ >O """"""II"""""II"
415 16 012 3 45 6 7 8 910111213 14 15 16

t, clock periods

Dpo=A"™=(X+A)B
DB — Bnext: X
Y=XAB

Y=A

Dp=A"™=B C'X
Dg=B"™=CX+AX+BC
Dc=C"™®=C X +B'X

Gray encoding for both cases
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Note on State Assignment

With n flip-flops, there are 2™ possible n-bit patterns, or states. If our FSM only
needs k coded states, (with &£ < 2™), then, the number of different ways to choose
such & coded states from the 2™ available ones is given by the binomial coefficient:

(ij::mégmkﬁ

Moreover, there are k! ways (permutations) to assign the chosen k coded n-bit
states to k& symbolic-named states, therefore, the total number of ways to assign k

symbolic states to k, n-bit patterns is,

2\ o et o, @b
k k(27 — k)] 2" — k)

For our example, we have n = 3 and k& = 5, which gives, 2™ = 8, and.

8
( ) -5l =56-120 = 6720

5!

Example 7



Example 8 — Yet, another sequence recognizer — Mealy version. It is desired
to design a Mealy FSM circuit to detect the particular sequence of consecutive
bits, 0001, in an incoming input stream X of zeros and ones, measured at the
positive edges of the clock signal.

At each time instant, upon detecting the pattern 000 in the previous three
Inputs, and the current input is X=1, then, the FSM should produce an output,
Y =1, otherwise, it should produce, Y = 0.

Based on the above description, determine: (a) the state diagram, (b) state
table, (c) state assignment with both Gray and binary encodings, (d) next-state
and output equations, (e) build a realization using D flip-flops, and (f)
simulate the operation of the system by sending in the following test sequence
of binary inputs and verifying the expected outputs:

X=[0110001000011100]
Y=[0000001000010000]

only incomplete answers are given below.

Example 8



recognized sequence 0001 state diagram

1/0 0

/

o

format X/Y Lid
present next state output Y
X=0 X=1 X=0 X=1
state table

So Sy So 0 0

Mealy FSM S; S, S 0 O
S, S3 So 0 0

S3 S3 So 0 1

Example 8



State assignment. With N=4 states, we need, n = ceiling(log,N) =2,
state variables, say, A,B, and two D flip-flops, with inputs, say, D, Dg.

The overall system will be as shown below.

LA Anext Da D Q L_A
5 Q—
B Bnext Dg D Q _.i
X X Y LA S
input output
next states & output clock

Example 8



State encoding. Using K-maps, show the following next-state and output

equations for the cases of plain binary and Gray encodings.

DA:Anethxr (A+B)
DB: Bnethxr (A+B’)
Y=XAB

binary encoding

binary encoding

A B

OO
R O Fk O

DA:Anext:Xr (A+B)
DB — Bnext: X' A’
Y=XADB’

Gray encoding

Gray encoding

A B

OO
O r Kk O

Example 8



sequence recognizer — 0001 — Mealy version — binary encoding

ahiliiiiihnnnhinl
d
O 1 2 3 4 5 o 7 8 9 10 11 12 13 14 15 16
X I | I | |
O' i r r r

O 1 2 3 4 10 11 12 13 14 15 16
21 M D_I]_D_I:I [
0

0O 1 2 3 4 5 6 7T &8 9 10 11 12 13 14 15 16

><1;
0.0|1r1|°r0r0|1|Or0r0r0|1r1r1|0r0r

O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

1ﬁ
>*0|1||1|
O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16
fsm0001bme.sIx t, clock periods

clock

A

Example 8



sequence recognizer — 0001 — Mealy version — Gray encoding

1W
0°
0O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

1 2 3 4 5 6 7 910111213141516

[ ﬁ [

1 2 3 4 5 6 8910111213141516

No_o 1 1o 0 0]1 orororo|1r1r1|oror

O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

1ﬁ
>*0|1||1|
O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
fsm0001gme.six t, clock periods

clock

A

-]

o =

O 7 O

p—
:

Example 8



Example 9 — State reduction. It is often possible to reduce the number of
states by identifying redundant states. Consider the following state table of a
Mealy FSM, with one input X and one output Y [cf. Kana],

present | next state output Y
X=0 X=1 | X=0 X=1
Sp S, S 1
Sq Sy S 0
S, S, S 1
S3 S, Sg 0
Sy S, S5 1
S S S 0

0

o O —r = O

Sy and S, are equivalent states,
can keep Sy, and eliminate Sy,
replacing references to S, by S

two states are equivalent if they produce the same outputs for the same inputs

note also that if a state does not appear as a next state, then it can be
eliminated from the state table and state diagram

Example 9



«— | kept Sy, eliminated Sy,

replaced S, by S

now S, and Sg are equivalent,
so, keep Sq, and eliminate Sg,
replace references to Sg by S;

present | next state output Y

X=0 X=1 X=0 X=1
So S, Sg 1 0
Sy So S 0 0
S, S, § 1 1
S, S, Sg 0 1
St So S 0 0
present | next state output Y

X=0 X=1 | X=0 X=1
So S, S3 1 0
Sy So S 0 0
S, S, § 1 1
S, S, § 0 1

simplified state table,

next, assign flip-flop state variables,
A,B, and derive the next-state and
output equations

Example 9



present next states

states /AT (IO output Y AB
X 00 01 11 10
AB| X=0 X=1 | X=0 X=1 —
0| 1 (1 | 1]
Sg 00| S, 10 S; 11 | 1 0
S, 01| S, 00 S, 10 | 0 0 L] | 1]

S; 11| S, 10 S, 01 | 0 1

AB
AB X

0| 1] f :
1 SERiEn! HE i eminll

Y=AB'+XA+X B’ B"X'=XB'+ X A

Example 9



LA AneXt DA D Q L_A
> Q —
B Bnext DB D Q _.i
X X Y Y +—p 9
input output
next states & output clock

DA:AneXt:ArBr+XAr+X1A
Dg=B"™X=XB'+XA
Y=AB'+ XA+ X' B’

Example 9



Example 10 — Electronic keypad lock [cf. Harris & Harris].

Your DLD classmates give you a two-digit keypad lock as a birthday present,
but when you open the box, you discover that instead of user instructions,
they have included the following schematic.

D Y
Alp A

> Q
DB D Q B } Anext

clock . 5 Q
X Xl ® ﬂ Bnext

] @ A/D ®
L 4 /
keypad Xo

Example 10



You recognize this as a Moore FSM, and you will attempt to analyze it and
eventually arrive at a state diagram, which will help you determine the
unlocking combination.

The keypad accepts as input X the decimal digits, 0,1,2,3, and converts them to
binary through an A/D converter, that is, each decimal X =0,1,2,3 Is
represented by the bits, XX, =00, 01, 10, 11, so that there are two binary
inputs to the FSM. There is also an output, Y=A, but you don’t know its
purpose yet, and you suspect it might be the “unlock™ signal.

From the block diagram, you determine the next-state and flip-flop excitation
equations and output equations:

Dp = A= BX,' X,
DB — Bnext:Ar B’ Xl XO
Y=A

Using these equations, you generate a possible state table that includes all
possible evaluations of the flip-flop variables A, B for all inputs X4, X,
Including also the above next states and output.

Example 10



A B Xl xO Anext Bnext Y
O 0 O O 0 0 0
O 0 0 1 0 0 0
O 0 1 O 0 0 0
O 0 1 1 0 1 0
O 1 0 O 0 0 0
O 1 0 1 1 0 0
O 1 1 O 0 0 0
O 1 1 1 0 0 0
1 0 O O 0 0 1
1 0 0 1 0 0 1
1 0 1 O 0 0 1
1 0 1 1 0 0 1
1 1 0 O 0 0 1
1 1 0 1 1 0 1
1 1 1 O 0 0 1
1 1 1 1 0 0 1

% MATLAB code

[A,B,X1,X0] = a2d(0:15,4) ;

Anext = B & (~X1l) & XO;
Bnext = (~A) & (~B) & X1 & XO;

Y = A;

[A,B,X1,X0, Anext,Bnext,Y]

D, = AMXt= BX,' X,
DB — Bnext:Ar B’ Xl XO
Y=A

Next, carry out state reduction by
removing unused states, noticing that the
state, AB = 11, does not appear as a next
state, so it can be removed,

also noticing that the state, AB=10,
always results in the same next-state, 00,
and the same, output Y=1, regardless of
the input, so these rows can be
combined replacing the inputs by “don’t
cares’.

Example 10




reduced state table

O 0 O O 0 0 0
O 0 0 1 0 0 0
O 0 1 O 0 0 0
O 0 1 1 0 1 0
O 1 0 O 0 0 0
O 1 0 1 1 0 0
O 1 1 O 0 0 0
O 1 1 1 0 0 0
1 0 x x 0 0 1

D, = AMXt= BX,' X,
DB — Bnext:Af B’ Xl XO
Y=A

Next, carry out state assignment,
replacing the state variables A,B using
symbolic names, say, Sy, Sq, S,

AB
Sy 00
s, 01
S, 10

and re-write the reduced state table using
the symbolic names, and also replace the
binary inputs X;,X by their decimal
values X

Example 10



AB

So 00

S; 01

S, 10

reduced state table symbolic state table

A B X; X, | APext pnext | y state X |next| Y
O 0 0 0 |0 0 0 S 0| S5 | O
0 0 0 1 |0 0 0 S 1| S5 | O
0O 0 1 0 |0 0 0 S 2| Sy | O
O 1 0 O 0 0 0 S1 0 So 0
0 1 0 1 |1 0 0 s, 1| s, |0
O 1 1 O 0 0 0 S1 2 So 0
0 1 1 1 |0 0 0 S; 3| S, | O
1 0 x x 0 0 1 S, X SO 1

l

next, convert the state table into an equivalent state diagram

Example 10



decimal values of X

I state diagram

unlock combination is 31,

moving you to state S,, and issuing the “unlock” signal Y=1,

and the FSM, then, moves to the reset/lock state S

next, test the FSM operation with Simulink

Example 10



Simulink implementation

next states & output

key = 31
Moore version

X1=[0001000001000100]
X0=[1001101111100110]

[1003101113100310]
[0000010000010001]

X =
Y =

boolean clock pulse

Clock
1
reset
MSB X1 boolean X1
LSBE X0 boolean X0
CLK
key3la.slx

(e

scope & export

Example 10



next-states & output sub-function

why is this necessary?

.
+

)
.
0

(X0) ‘“— >

D, = A"Xt= BX,' X,
DB — BneXt:Ar BI X]_ XO
Y=A

Db

ABX1X0

Db

Example 10



=1 x| scope
= display

<— decimal X
Input

/

<— unlock
output

Example 10



X0 X1 clock

S H DN O H DN O = DN © = DN

O

L L L L L
4_

decimal
X Input

0 3 1 0

10 11 12 13 14 15 16

.
- Nk
- ok
- b
- =3 b
- o0 b

'100310 1 1 3 1

L

—

L

00310'

L

-]

t, clock periods

1 2 3 4 5 6 7 8 91011 12131415 16

- I—I I—‘ r <— unlock
- r r r r - r r r r i OUtpl'It
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

Example 10



clock

N 1 311 -« decimal
_I - | Xinput
O 1 2 4 5 6 7 8 9 1011 12 13 14 15 16

output occurs in the
i next cycle after

the second digit -«

X= 1|s detected s
L : ‘ \ r ‘ | ‘ output
O 1 2 4 5 6 7 8 9 10 11 12 13 14 15 16

t, clock periods

Example 10



Example 11 — Electronic keypad lock. Having figured out the operation of your
Moore FSM padlock, you now wish to derive a Mealy version. Since you
know that the unlock combination is 31, you may start with a Mealy state
diagram. Only two states are needed now because the system issues the unlock
output, Y=1, as soon as it has recognized the second digit, X=1. The system
unlocks, and then moves to the reset state.

state diagram

X#£3/Y=0 X=3/Y=0

unlock, and then move to reset state

Example 11



state diagram

X+#3 /Y=0 X=3/Y=0

symbolic state table

present next output
State State Y

X=0 X=1 X=2 X=3 X=0 X=1 X=2 X=3
Sy Sy S 0 0 0 0
Sq Sy Sg Sp 0 1 0 0

Example 11



State encoding. With two states, we need one state variables, say, A, and
one D flip-flop, and represent the states as follows:

A
Sp = 0
S, = 1

and also, replace the decimal X with its binary 2-bit representation, XX,

encoded state table

present next state output
state Anext Y
A X=00 X=01 X=10 X=11 X=00 X=01 X=10 X=11
0 0 0 0 1 0 0 0 0
1 0 0 0 1 0 1 0 0

Example 11




next-state & output equations

A

present next state output

state ANext Y

A X=00 X=01 X=10 X=11 | X=00 X=01 X=10 X=11
0 0 0 0 1 0 0 0

1 0 0 0 1 0 1 0
X1Xo XX,

00 01 11 10 AN 00 01 11 10

0 1 0

1 1 1 1

ANt =X, X, Y=AX{ X,

Example 11



block diagram realization

t —
Anex — Xl XO

Y=AX;' X,
D
Alp QA Y
clock > Q-
X1 next
of1]2]3 A/D . A
X0

Example 11



Simulink implementation

Clock

—

DFF a

reset

MSB X1

LSB X0

next states & output

boolean X1

key = 31
Mealy version

X1=[0001000001000100]
X0=[1001101111100110]

X=[1003101113100310]
Y =[0000010000010001]

boolean clock pulse

e
—

key31b.sIx

boolean X0
CLK scope & export

Example 11



Anext = Xl XO
next-state & output sub-function Y=AX;"Xp
C1) > ) Y
A A : }
AX1X0
X1 X1
(X1 ) > -
[ P ) 1
Da
X1X0
:XD X0

Example 11



=1olxl| | scope
display

<— decimal X
Input

<— unlock
output

Example 11



X0 X1 clock

S = N O = DN O = DN O = DN

O r
—

O 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

[ ] I I

a1 O
— H Bl

|

2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

L

Iﬂl_ll_l I_I

n O
o

3 4 5 6 7 8 910111213141516

B

i

L L L L L L L L L L L L L

I I I B

3 4 5 6 7 8 9 1011 12 13 14 15 16
t, clock periods
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clock

L

L

4 5 6 7 8 9 10 11 12 13 14 15 16

B

L L L L L L L L L L L L
output occurs in the
same cycle when

the second digit
X=1is detected

4 5 6 7 8 9 10111213141516
t, clock periods
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Example 12 — Electronic keypad lock. Having enjoyed analyzing the 2-digit
padlock, you now wish to build your own electronic keypad lock with a 3-digit
combination and program the unlocking combination to be the course number
of your favorite ECE course, that is, 231!

As before, the keypad accepts as input X only the decimal digits, 0,1,2,3, and
converts them to binary through an A/D converter, that is, each decimal X =
0,1,2,3 is represented by the bits, X,X, =00, 01, 10, 11, so that there are two
binary inputs to the FSM.

As the user enters a sequence of decimal numbers X into the keypad, the FSM
should generate an “unlock™ signal, Y=1, whenever the previous two decimal
Inputs were, X=2,3, and the current input is, X=1. Otherwise, the system
should remain locked at, Y=0. Because the output Y depends on the input X,
this will be a Mealy FSM.

Based on the above description, determine: (a) the state diagram, (b) state
table, (c) next-state and output equations, (d) build a realization using D flip-
flops, and (e) simulate the operation of the system by sending in the following
test sequence of decimal inputs and verifying the expected outputs:

X=[1023101123122310]
Y=[0000100000100010]




decimal values of X

l state diagram
X=21Y=0

X£2/Y=0
X=2/Y=0 X=3/Y=0

° X=0,1/Y=0 ° X=2/Y=0 e
'\/

reset 2 A
X=0,3/Y=0
X=1/Y=1

got 231, which unlocks, and then moves to reset state

Example 12



X=2/Y=0 state diagram
X#£2 /Y=0
X=2/Y=0 X=3/Y=0
\_/
reset 2 23
X=0,3/Y=0
X=1/Y=1
present next output
State state Y
X=0 X=1 X=2 X=3 X=0 X=1 X=2 X=3
state table
Sy Sy S S1 S 0 0 0 0
Sq Sy S S S 0 0 0 0
S, Sy S S1 S 0 1 0 0

Example 12



State encoding. With three states, we need two state variables, say, A,B,
and we will use plain binary encoding to represent the states:
A B
S =00
Sl = O 1
encoded state table
present next states output
state Anext’ Bnext Y
AB X=0 X=1 X=2 X=3 X=0 X=1 X=2 X=3
00 00 00 01 0O 0 0 0 0
01 00 00 01 10 0 0 0 0
10 00 00 01 00O 0 1 0 0

Example 12



conventional state table

«— don’t cares

Example 12

Y

I T

Anext Bnext

I T

I T

binary X

X0

X1

O -wH O

OO -

Lo I o B o IO

- - - -




K-map simplifications

X1Xg

AB 00 01 11 10
00 (1)
01 1
11 X X X X
10 1

— t— '
Dg = B"®X= X, X,

AB

X1Xo

00 01 11 10
00
01 (1]
11 | X X X X
10

Example 12



K-map simplifications

_ t—
D = ATX=B X, X,
— {— '
Dg = B"®= X, X,

Y=AX, X,

X1Xo

AB 00 01 11 10
00
01
11 x |[[x]] x | x
10 1

[A,B,X1,X0] = a2d(0:15,4) ;

Anext = B & X1 & XO;
Bnext = X1 & ~XO0;

Y =A & ~X1 & X0;

[A,B,X1,X0,Anext,Bnext, Y]

Example 12



block diagram realization

— t—
DA—Anex =B Xlxo

— {— '
DB = BRext= Xl XO

Y:AX1’ XO
D
Alp A ﬁ v
_ J
> Ql—
DB D B } Anext
clock——e 5 Ql -
X1 t
ﬂ | Bnex
[0]1]2]3] A/D )
keypad Xo

Example 12



Simulink implementation

next states & output

key =231
Mealy version

boolean clock pulse

Clock
1
reset
MSB X1 boolean X1
LSB X0 boolean X0
CLK
key231bbb.sIx

L e

scope & export

Example 12



next states & output sub-function

Db

L :D
hAXVXD

- B
B ’—:_j
BX1X0

H}'— D

o X1 l____,j
@ X1X0'

v

X0

Db

Example 12



scope & date export sub-function

Scope

timeseries structure

to workspace

boolean to double

multiplexer

Example 12



mputX=1 0 2 3101123122310 scope
displa
- ol x| bay
=20 Qw5 O y
clock
X1
X0
Y

Example 12



inputx=1 0 2 3 1 01 1 2 3 1 2 2 3 1 O

2. L L L L L L L L L L L L L L1
4
(D)
O' [
012345678910111213141516
2- L L L L L L L L L
10 23 1011 2 31
—
< 1 I_I I_I I_I
O' I r - - -
012345678910111213141516
2. L L L L L L1
1 0 2 3 011 2 31 2 231
(@)
0Ff : :
012345678910111213141516
2. L L L L L L L L L L L L L L1
— 1 .
‘1' ‘1' ‘1'
O' I - - - I - I - =

O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16

t, clock periods Example 12



inputX=1 0 2 3 1 01 1 2 3 1 2 2 3 10

2 £ L L L L L L L L L L L L L L L

clock
p—d

6

- 1 - -
‘ 1 \ ‘ 1 \ ‘1 \
0' r r r r r r r r r B
O 1 2 3 4 5 6 7 8 9 1011 12 13 14 15 16
t, clock periods Example 12



t = S.time;

P = S.data(:,1);
X1l = S.data(:,2);
X0 = S.data(:,3);
Y = S.data(:,4);

set (0, 'DefaultAxesFontSize',10) ;

figure;

subplot(4,1,1); stairs(t,P, 'g-'), yaxis(0,2); ylabel('clock');
subplot(4,1,2); stairs(t,X1l,'b-"'); yaxis(0,2); ylabel('X1') ;
subplot(4,1,3); stairs(t,X0,'b-'); yaxis(0,2); ylabel ('X0"');
subplot(4,1,4); stairs(t,Y, 'r-'),; yaxis(0,2); ylabel('Y');
xlabel ('{\itt}, clock periods')

X = d2a([X1,X0],+1); % decimal version of [X1,XO0]

set (0, 'DefaultAxesFontSize',10) ;

figure;

subplot(3,1,1); stairs(t,P, 'g-'); yaxis(0,2); ylabel('clock')
subplot(3,1,2),; stairs(t,X,'b-'); yaxis(0,4); ylabel('X');
subplot(3,1,3),; stairs(t,Y,'r-'); yaxis(0,2); ylabel('Y');
xlabel ('{\itt}, clock periods')

Example 12



Example 13 — Vending machine. We consider the design of a Moore FSM for a
simple vending machine that accepts nickels or dimes as inputs, deposited one
at a time, and dispenses some candy that costs 15 cents, and also returns some

change, if necessary [cf. Maxfield].

Five states will be needed:

Sgo - 0-cent state, also the reset state (entered upon power-up)

Sgs - o-Cent state
S10 - 10-cent state
S.5 - 15-cent state
Syp - 20-cent state

The state diagram is shown on the next page using the arrow convention
explained on p. 59 that displays input expressions instead of values.

nickels, N ——» vending

dimes D ——  Mmachine

— dispense candy, Y

—— dispense change, Z

Example 13



state diagram

N'D’

N'D

N,D = x,X
transition to reset

dispense candy

dispense candy

; and 5-cents change
xx = don’t cares

note: the possible input combinations are N D’, N' D, N’ D’ Example 13



main part of state table — with don’t care inputs at S;5 and S,

present A B C N D next A B C Y Z
Soo 1 0 0 0 0 Soo 1 0 0 0 0
Soo 1 0 0 1 0 Sos 1 0 1 0 0
Soo 1 0 0 0 1 S10 0 0 0 0 0
Sos 1 0 1 0 0 Sos 1 0 1 0 0
Sos 1 0 1 1 0 S10 0 0 0 0 0
Sos 1 0 1 0 1 Sis 0 0 1 0 0
S10 0 0 0 0 0 S10 0 0 0 0 0
S10 0 0 0 1 0 Sis 0 0 1 0 0
S10 0 0 0 0 1 So0 0 1 1 0 0
Sis 0 0 1 0 0 Soo 1 0 0 1 0
Sis 0 0 1 1 0 Soo 1 0 0 1 0
Sis 0 0 1 0 1 Soo 1 0 0 1 0
Ss0 0 1 1 0 0 Soo 1 0 0 1 1
Ss0 0 1 1 1 0 Soo 1 0 0 1 1
Ss0 0 1 1 0 1 Soo 1 0 0 1 1

state encoding
ABC

O OO F k-
R O O O O
P R, ORFr O

Example 13
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next-state & output equations are obtained from the state table
after taking advantage of all unused don’t care entries.

l

next states & output equations

AXI=A"C+AN'D'+AC'D’
Bnext:Af C’D
C"X=A'"C'D+ACN'+C'N
Y=A'C

Z=-B

MATLAB code
for producing the main part of the stable on p.171 —
and the rest of the state table on p.172

Example 13



o®

MATLAB code used to generate the state table

o®

generate main part of state table
= [16 18 17 20 22 21 0 2 1 4 6 5 12 14 13];

3

o®

generate rest of state table
n = [19 23 3 7 15 11 27 31 8 9 10 24 25 26 28 29 30];

o®

[A,B,C,N,D] = a2d(n,5); % generate states & inputs
Anext = (~A &C) | (A & ~.N & ~D) | (A & ~C & ~D);
Bnext = ~A & ~C & D;

Cnext = (~A & ~C & D) | (A &C & ~N) | (~C & N);

Y =~A & C;
Z = B;
[A,B,C,N,D,Anext,Bnext,Cnext,Y,6 Z] % print state table

Example 13



\\ A Anext

B B next

C Cnext

next states & outputs

D
A D O
> Q
D
o Q
D
Clp 0
Y +—— Q
Z
outputs
clock

Example 13



Example 14 — Elevator controller. [this is a simplified version of a DLD lab
from earlier years.] Consider the design of a simple elevator controller for a
three-story building. There are three states F,, F,, F5 defined so that,

F, = elevator is at floor 1
F, =elevator is at floor 2
F5 = elevator is at floor 3

The input to the controller is the (decimal) variable X, defined so that,

X =0, no request (i.e., stay on the current floor)
X =1, moveto floorl
X =2, move to floor 2
X =3, move to floor 3

There is also a reset input R, such that R=1 will cause the elevator to move to
floor 1 from any floor, regardless of X. Otherwise, R=0 has no effect, and the
input X will determine the action.

There is also an output Y taking the (decimal) values Y=1, 2, 3, that are
generated when the elevator is moving to floors 1, 2, 3, respectively.

Example 14



notation: X /Y state
X=1/Y=1 diagram

X=0,1/Y=1 X=0,3/Y=3

reset
input R
X=3/Y=3 Mealy FSM
v
present next output state
state state Y table

R=0 X=0 X=1 X=2 X=3 X=0 X=1 X=2 X=3

Fy F, F, F, Fs 1 1 2 3
F, F, F, F, Fg 2 1 2 3
Fy F, F, F, Fs 3 1 2 3

R=1 X=0 X=1 X=2 X=3 X=0 X=1 X=2 X=3

Fg Fp Fy F, F; F; Fy 1 1 1 1

Example 14



input & output encoding state encoding
X = X;X, Y = Y;Y, F A B
0=00 0O 0 wunused
1 =01 1 =01 F1 0 1 three states
2 =10 2 =10 5o 10 reqqlretwo
3 11 3 =11 F3 11 D flip-flops
\\ Dp & Dg
binary ordering
X1Xp
AB 00 01 11 10
00 XX XX XX xx |don’t’cares
K-maps for
ANEXt gnext F, 01 | F; 01 F, 01 F; 11 | F, 10
K-maps for Fy 11 Fy 11 F, 01 Fy 11 F, 10
Y1, Yo

Example 14



X1Xo

K-maps

t— '
ANXt= X+ XA

Y]_ — Anext
— t
YO — Bnex

Y =2Y,+ Y, (decimal)
X =2X; + Xq (decimal)

00 01 11 10

00 X X /x x\

01 1 1

11 j 1 (1

10| 1) 1 L1
Y 01 11 10

00 I(’_x """"""" x) x x

01 i(l 1}] 1

11 Ll X\ 1) 1

10 \ \_1 1)

Bnext:XO+Xlr(A+B,)

\
needed to make the state A,B = 0,0 redundant

Example 14



adding the reset input R and the output Y (in decimal)

AMEXL—R" (X, + X,'A) resets to state F; = AB = 01, if R=1,
BNt =R + X, + X, (A+B') and normal operation, if R=0

Y = 2AMNXU+ BMeXU (decimal)

requires two D flip-flops

L "o Ji
A Anext DA — Anext
> Ql—
_ phext
B Bnext DB _ B
Dy B
D Q —
Inputs X0 outputs ¢ ? Q-
— R Yo
next states & output clock

Example 14



%
(-
BO
+ || %
=
s || T
< || X
AN (| N
1] 1]
> || X
m
I_I
< || X
4|+
(@)
SRS
~ | +
~ || o
[ I
2 |3
(e
<L || m

computed state table

decimal

decimal

Y

X

A B |D, Dy

R X; X,

Y

X

A B |D, Dy

R X; X

Example 14

0,0 does not appear as a next state, so it can be removed

state A,B



computed state table

Anext =R’ (X]_ + XO,A)

Y = 2Anext + Bnext

next — _
B™ =R+ Xy+X;"(A+B") | | X=2X;+X,
reduced state table
R X; Xg| A B |DaDg | X Y R X; Xg|A B |Da D | X Y
O 0 O O 1,0 1 0O 1 1 0 O O 1|10 1 0O 1
O 0 O 1 0|1 O 0O 2 1 0 O 1 0|0 1 0O 1
O 0 O 1 1,1 1 0O 3 1 0 O 1 1|0 1 0O 1
O 0 1 O 1|0 1 1 1 1 0 1 O 1|10 1 1 1
O 0 1 1 0, 0 1 1 1 1 0 1 1 0|0 1 1 1
O 0 1 1 1, 0 1 1 1 1 0 1 1 1|0 1 1 1
O 1 O O 1,1 O 2 2 1 1 O O 1|10 1 2 1
O 1 O 1 0|1 O 2 2 1 1 O 1 0|0 1 2 1
O 1 O 1 1|1 O 2 2 1 1 O 1 1|0 1 2 1
O 1 1 O 1,1 1 3 3 1 1 1 O 1|10 1 3 1
O 1 1 1 0|1 1 3 3 1 1 1 1 0|0 1 3 1
O 1 1 1 1,1 1 3 3 1 1 1 1 1|0 1 3 1

next, replace states by their symbolic names ——
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symbolic state table

Anext =R’ (X]_ + XO,A)

Y = 2Anext + Bnext

next — —
B™ =R+ X, +X;{(A+B’) X=2X;+ X,

R X; Xg|AB |DyDg | X Y R X, Xg|AB| Dy Dg| X Y
O 0 O Fl Fl 0 1 1 0 O Fl Fl 0O 1
O 0 O F2 F2 0 2 1 0 O F2 Fl 0 1
O 0 O F3 F3 0O 3 1 0 O F3 Fl 0 1
0O 0 1 Fl Fl 1 1 1 0 1 F1l Fl 1 1
0O 0 1 F2 Fl 1 1 1 0 1 F2 Fl 1 1
0O 0 1 F3 Fl 1 1 1 0 1 F3 Fl 1 1
O 1 O Fl F2 2 2 1 1 O F1l Fl 2 1
O 1 O F2 F2 2 2 1 1 O F2 Fl 2 1
O 1 O F3 F2 2 2 1 1 O F3 Fl 2 1
0O 1 1 Fl F3 3 3 1 1 1 Fl Fl 3 1
0O 1 1 F2 F3 3 3 1 1 1 F2 Fl 3 1
0O 1 1 F3 F3 3 3 1 1 1 F3 Fl 3 1

T 1 x x Fx F1l x 1

equivalent to the table on p. 177 —

v

compact
form



Simulink implementation

Db feedback loops
X =[ 023120332
Da
Clock X1 =[011010111]
X0=[ 0011001101

- P

1

DFF a

Y =[123122132]

dont't clear
flip-flops ]
scope & data export
inputs

DFF b » Da

Da

X1

X1 next states — | Db

Db
(X1

x1

X0

file: elevs.slx Example 14



Simulink implementation

input subfunction

inputs
X1
X1
A0
X0

X =[ 023120332
X1 =[011010111]
X=[001100110]]
) signal Builder (elevs/inputs/inputs)
File Edit Group Signal Axes Help R =[100000100 1]
B H| 2R o |~ T & REE] > 0w | DB
Active Group: |G1“0'1P'1 b 4 = [ 1 3122 32 ]
1 A & A ,L\
. ¥ o SRR AN AR A4 A4 ¥
X1 5 i | |
) SRS SSSSSSSOSS SUSSS SUSSSS————— — reset

Click to select, Shift+click to add

Ofp--eeer I ] ] [ |
0 1 2 3 4 5 6 7 8
Tim e { Ser }
b !
Left Roint Right Point
Name: I}(‘I iF | i | )éo Efﬁzxi
Index: m Y: I f I

[ %1 (#1) [ TGrid YGrid YMin YMax |
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Simulink |mplementa_t|on DA = ATXZRY (X, + X,'A)
next-states subfunction
Dg =B™ =R+ X, + X;' (A+B')

- —B D

XA X1+ X0'A
(B

X1'B

€D

X1

F.

X0

XA

R+X0+X1B+X1'A'

Example 14



Simulink implementation
scope & data export subfunction

clock pulse

boolean to double to workspace

timeseries structure

multiplexer

Example 14



Simulink Q- =Iolx
Implementation

scope output

state encoding

F A B

O 0 unused

F;, 01

F, 10

F;, 11
X =[023120332]
X1=[011010111]
X0=[001100110]
R =[100000100]
Y =[1231229132]




DB DA X0 X1 clock

reset

t, clock periods

1 2 a 4 5] 6 T ) 9
RE 3 1 _____ . 2 _____ 3 1 3 2
1 é 3 4 5] 6 % é 9
0 2 {3 12 {23 i3:°2
1 2 3I 4 g 6 TI" 82
FL F2 {F3 | FL  F2 {F2 {Fl { F3 | F/
1 é a 4 g 6 T %// 9
FL { F2 {F3 | FL | F2 i F2 { F1 | F3/i F2
1 2 3I 4 5 6 ':'/ g 9
reset IIII _____________ I reset II ___________ i
0 1 2 3 y 5 6 . ] 9

resets
to F1
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clock

DA

DB

reset

O = D WD

O = bW

1 2 3 4 5
Qo2 3 1 p 2 8 2
I R i N resets
1 2 3 4 5 to F1
Aog2 3 o Loi 2 i 2 i1
I | I R
1 2 3 4 5
i | |
1 2 3 4 5 6 8 9
: ; / ;
1 2 3 4 5 6 8 9
1 2 3 4 5 6 8 9

t, clock periods
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clock

reset

= = W

= = W

t, clock periods

1 2 3 4 5 6 8
0 2 3 1 ¢ 2 2
l I l
1 2 3 4 5
|12 3 L o2 2
l l I l l
1 2 3 4 5
| | | |
0 1 2 3 4 5 6 8

resets
to F1
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